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Abstract This paper is devoted to the study of partition-based deterministic algorithms
for global optimization of Lipschitz-continuous functions without requiring knowledge of
the Lipschitz constant. First we introduce a general scheme of a partition-based algorithm.
Then, we focus on the selection strategy in such a way to exploit the information on the
objective function. We propose two strategies. The first one is based on the knowledge of the
global optimum value of the objective function. In this case the selection strategy is able to
guarantee convergence of every infinite sequence of trial points to global minimum points.
The second one does not require any a priori knowledge on the objective function and tries
to exploit information on the objective function gathered during progress of the algorithm.
In this case, from a theoretical point of view, we can guarantee the so-called every-where
dense convergence of the algorithm.
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1 Introduction

We consider the global optimization problem

glob min
x∈D

f (x), (1)

where D is a hyperrectangle in �n , namely, given l, u ∈ �n, D = {x ∈ �n : l ≤ x ≤ u},
and we assume the function f to be Lipschitz continuous over the feasible domain, that is, a
constant 0 < L < ∞ exists such that, for every x, y ∈ D,

| f (x) − f (y)| ≤ L‖x − y‖.
Many deterministic approaches have been proposed in the literature for solving Prob-

lem (1), see in particular [8,9,16,20,22]. A particularly interesting class of methods is the
one that searches for the global minimum points by using sequences of partitions of the
feasible domain. For every iteration k, they consider a collection of sets

{Di , i ∈ Ik
}

which
constitutes a partition of the feasible domain. Namely,

{Di , i ∈ Ik
}

is such that:

D =
⋃

i∈Ik

Di , Int(Di )
⋂

Int(D j ) = ∅, ∀ i, j ∈ Ik, i 	= j. (2)

The sequence of partitions of the feasible domain is generated by choosing, at every
iteration, some sets to be further partitioned. These sets can be chosen according to dif-
ferent criteria. One possibility consists in selecting the sets on the basis of some a priori
knowledge on the objective function (e.g. knowledge of the Lipschitz constant). We refer to
[8,9,16,20,22] for some recent approaches. On the other hand, the selection strategy can be
defined without requiring any a priori knowledge on the objective function. In particular, the
DIRECT algorithm [10,11] is an example of a partition method that tries to compensate the
lack of knowledge of the Lipschitz constant by choosing it from a set of values varying from
zero to infinity. More recently, in [19] the use of a set of Lipschitz constants is proposed with
the aim of accelerating the convergence of a partition-based algorithm. In [1,5,12,18,20],
further assumptions on f and ∇ f are exploited in order to define new methods for global
optimization problems.

In the paper we propose two partitioning strategies. The first one is based on the knowledge
of the global optimum value of the objective function. In this case the selection strategy is able
to guarantee convergence of every infinite sequence of trial points to global minimum points.
The second one does not require any a priori knowledge on the objective function and tries
to exploit information on the objective function gathered during progress of the algorithm.
In this case, from a theoretical point of view, we can guarantee the so-called every-where
dense convergence of the algorithm.

The paper is organized as follows. In Sect. 2 we describe a general scheme of partition-
based algorithms and give some theoretical properties. In Sect. 3 we introduce two new strat-
egies for selecting the hyperintervals for further partitioning. Finally, in Sect. 4 we present
some illustrative numerical results.

2 Partitioning-based algorithms

We define the set of global minimum points

X∗ = {
x∗ ∈ D : f (x∗) ≤ f (x), for all x ∈ D}

.
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Given a hyperinterval Di , we denote by di = ‖ui −li‖ its diagonal and by P(Di ) = xi the
representative point of Di , namely the point having the best objective function value among
those associated to Di .

A general Partitioning-based algorithm model can be described by the following scheme.
Partitioning-based algorithm (PBA)

Step 0: Set D0 = D, l0 = l, u0 = u, I0 = {0} and k = 0.
Step 1: Given the partition

{Di : i ∈ Ik
}

of D with

Di = {
x ∈ Rn : li ≤ x ≤ ui

}
, for all i ∈ Ik,

choose a particular subset I ∗
k ⊆ Ik ; set Ī 0 = Ik , Î 0 = I ∗

k and � = 0.

Step 2: Choose an index h ∈ Î � and partition the set Dh into m ≥ 2 subintervals

Dh1 , Dh2 , . . . , Dhm .

Step 3: Set

Ī �+1 = Ī �
⋃

j=1,...,m

{
h j

} \ {h} ,

Î �+1 = Î �\ {h} ,

if Î �+1 	= ∅ set � = � + 1 and go to Step 2.
Step 4: Define the new partition

{Di : i ∈ Ik+1
}

with

Ik+1 = Ī �+1,

set k = k + 1 and go to Step 1.

At each iteration PBA produces a new partition of the set D. The choice of the set I ∗
k of

the hyperintervals to be partitioned, can be driven by information on the objective function.
The asymptotic properties of the algorithm can be described by the asymptotic behavior of
the sets that it generates. PBA produces an infinite number of sequences of subsets

{Dik
}
.

Each of these sequences
{Dik

}
can be characterized by associating to every subset Dik , with

ik ∈ Ik , a predecessor Dik−1 , with ik−1 ∈ Ik−1, in the following way:

– if the set Dik has been generated at the k-th iteration, then Dik−1 is the set which has been
partitioned at the k-th iteration and which has generated the subset Dik ;

– if the set Dik has not been generated at the k-th iteration than Dik−1 = Dik .

By definition, the sequences
{Dik

}
are nested sequences of subsets, namely sequences

such that, for all k,

Dik ⊆ Dik−1 .

Among these sequences an important role in the theoretical analysis of the previous algo-
rithm is played by the strictly nested sequences which have the property that for infinitely
many times it results

Dik ⊂ Dik−1 . (3)

In Algorithm PBA the choice of the set I ∗
k of the indices of the subsets to be partitioned

and the choice of the partitioning technique are not specified. In this section we identify some
general assumptions that the sets I ∗

k and the partitioning techniques must satisfy in order to
guarantee some theoretical properties of the algorithm model.

First we consider the requirements on the partition techniques and then the ones concerning
the sets I ∗

k .
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2.1 Choice of the partition technique

In order to guarantee some theoretical properties of Algorithm PBA, the partition technique
must be sufficiently regular and this can be formally stated by the following property.

Property 1 There exist two scalars ε1 and ε2, with 0 < ε1 < ε2 < 1, such that, for all k,
every subset Dh, h ∈ I ∗

k , selected at Step 2 of the algorithm is partitioned into m subintervals
Dh j , j = 1, . . . , m such that:

ε1

∥
∥
∥uh − lh

∥
∥
∥ ≤

∥
∥
∥uh j − lh j

∥
∥
∥ ≤ ε2

∥
∥
∥uh − lh

∥
∥
∥ , j = 1, . . . , m. (4)

Under Property 1 it is possible to characterize the sequences
{Dik

}
strictly nested. In the

following proposition we recall some important properties of strictly nested sequences.

Proposition 1 If Property 1 is satisfied, a sequence of sets
{Dik

}
produced by Algorithm

PBA is strictly nested if and only if one of the following points holds:

(i) limk→∞ ‖uik − lik ‖ = 0;
there exists a point x̄ ∈ D such that

(ii)
⋂∞

k=0 Dik = {x̄} which is equivalent to

lim
k→∞ uik = x̄, lim

k→∞ lik = x̄; (5)

(iii) for every ε > 0, an index k̄ exists such that for all k ≥ k̄ we have:

Dik ⊂ B(x̄; ε). (6)

Proof Point (i) Let
{Dik

}
be a sequence produced by Algorithm PBA. By definition of the

sequence
{Dik

}
and by the instructions of the algorithm, every time that happens the follow-

ing strict inclusion Dik ⊂ Dik−1 we have that, at the k − 1-th iteration, the subset Dik has
been generated by the partition of the set Dik−1 . Then Property 1 implies that

ε1

∥
∥
∥uik−1 − lik−1

∥
∥
∥ ≤

∥
∥
∥uik − lik

∥
∥
∥ ≤ ε2

∥
∥
∥uik−1 − lik−1

∥
∥
∥ , (7)

Recalling again the definition of the sequence of sets
{Dik

}
we have that, for j =

1, . . . , k, Di j ⊂ Di j−1 or Di j = Di j−1 . By applying repeatedly (7) we obtain

(ε1)
pk

∥
∥u0 − l0

∥
∥ ≤

∥
∥
∥uik − lik

∥
∥
∥ ≤ (ε2)

pk
∥
∥u0 − l0

∥
∥ , (8)

where pk indicates the number of iterations where (7) is verified at Step 2.
Now, if the sequence

{Dik
}

is strictly nested we have, by definition, that limk→∞ pk = ∞,
which, by using (8) and ε2 ∈ (0, 1), implies that

lim
k→∞

∥
∥
∥uik − lik

∥
∥
∥ ≤ lim

k→∞(ε2)
pk

∥
∥u0 − l0

∥
∥ = 0.

On the other hand, if the sequence
{Dik

}
satisfies point (i) of the proposition, by using (8)

we obtain that

lim
k→∞(ε1)

pk
∥
∥u0 − l0

∥
∥ ≤ lim

k→∞

∥
∥
∥uik − lik

∥
∥
∥ = 0,

which, taking into account that ε1 ∈ (0, 1), yields limk→∞ pk = ∞. This limit implies that
the sequence

{Dik
}

produced by the algorithm is strictly nested.
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Point (ii) First we prove that if
{Dik

}
is strictly nested and Property 1 is satisfied, then the

limits (5) hold.
Let us consider the following sequences of scalars

{
(uik ) j

}
e
{
(lik ) j

}
, with j = 1, . . . , n.

By the instructions of the algorithm we have that, for all k:

(l)j ≤
(

uik
)

j ,
(

uik+1
)

j ≤
(

uik
)

j
, j = 1, . . . , n, (9)

(
lik

)
j ≤ (u) j ,

(
lik

)
j ≤

(
lik+1

)
j , j = 1, . . . , n. (10)

For every j = 1, . . . , n, by (9) we get that the sequence
{(

uik
)

j
}

is non increasing and
bounded from below, by (10) we obtain that the sequence

{(
lik

)
j
}

is non decreasing and
bounded from above. Therefore there exist the following limits:

lim
k→∞

(
uik

)
j = (ū) j , lim

k→∞

(
lik

)
j = (

l̄
)

j , j = 1, . . . , n,

which imply that two vectors ū, l̄ ∈ Rn exist such that

lim
k→∞ uik = ū, lim

k→∞ lik = l̄. (11)

Then, by recalling that
∥
∥ū − l̄

∥
∥ ≤

∥
∥
∥ū − uik

∥
∥
∥ +

∥
∥
∥uik − lik

∥
∥
∥ +

∥
∥
∥lik − l̄

∥
∥
∥ , (12)

by taking the limit for k tending to infinity, by using (11) and point (i) of the proposition, we
obtain ū = l̄ = x̄ .

Now, if the limits (5) hold, we have:

lim
k→∞

∥
∥
∥uik − lik

∥
∥
∥ ≤ lim

k→∞

∥
∥
∥uik − x̄

∥
∥
∥ + lim

k→∞

∥
∥
∥lik − x̄

∥
∥
∥ = 0

that, by exploiting point (i) of the proposition, implies that the sequence
{Dik

}
is strictly

nested.
Point (iii) The definition of norm implies that every x ∈ Dik satisfies

∥
∥
∥x − lik

∥
∥
∥ ≤

∥
∥
∥uik − lik

∥
∥
∥ . (13)

By using (5) and point (i) of the proposition, for every ε > 0, an index k̄ exists such that
for all k ≥ k̄ we have:

∥
∥
∥lik − x̄

∥
∥
∥ <

ε

2
,

∥
∥
∥uik − lik

∥
∥
∥ <

ε

2
. (14)

Then (13) and (14) imply that, for all k ≥ k̄ and for every x ∈ Dik , we have:

‖x − x̄‖ ≤
∥
∥
∥x − lik

∥
∥
∥ +

∥
∥
∥lik − x̄

∥
∥
∥ ≤

∥
∥
∥uik − lik

∥
∥
∥ +

∥
∥
∥lik − x̄

∥
∥
∥ <

ε

2
+ ε

2
= ε,

which proves (6).
On the contrary, if for every ε > 0 an index k̄ exists such that for all k ≥ k̄ the inclusion

(6) holds then it follows that uik ∈ B(x̄; ε) and lik ∈ B(x̄; ε), which show that the limits
(5) hold and, hence, point (ii) of the proposition implies that the sequence

{Dik
}

is strictly
nested. ��

The next corollary shows that, under Property 1, Algorithm PBA produces at least a strictly
nested sequence of sets.
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Corollary 1 If Property 1 is satisfied, Algorithm PBA produces at least a strictly nested
sequence of sets

{Dik
}
.

Proof Let us assume by contradiction that the algorithm produces no strictly nested sequence.
By Property 1 and Proposition 1, a constant � > 0 exists such that, for all k and all i ∈ Ik ,
it results:

∥
∥
∥ui − li

∥
∥
∥ ≥ �. (15)

By recalling compactness of D and by using (15) we obtain that a constant N̄ exists such
that

|Ik | ≤ N̄ , for all k. (16)

The instructions of the algorithm and the choice that m ≥ 2 yield that, at every iteration,
the number |Ik | of hyperintervals that constitute the current partition of the initial domain
grows at least of two elements, that is, |Ik+1| ≥ |Ik |+2. Hence, we get limk→∞ |Ik | = +∞,
which contradicts (16) thus completing the proof. ��

Under Property 1, the next corollary states that, given any infinite subset of iterations
of Algorithm PBA, the corresponding sequence of partitions of the feasible set contains a
strictly nested sequence of hyperintervals.

Corollary 2 If Property 1 holds, then for every infinite subset of iterations K , the sequence
of partitions

{Di : i ∈ Ik
}

K contains at least a sequence of hyperintervals
{Dik

}
K that is

strictly nested.

Proof By Corollary 1, we know that at least a strictly nested sequence of hyperintervals{Dik
}

exists. We proceed by contradiction. Let us suppose that an index set K exists such
that no strictly nested sequence

{Dik
}

K exists. This means that the inclusion Dih ⊂ Dik ,

with k ∈ K and h the smallest integer such that h ≥ k, h ∈ K , holds a finite number of
times. Hence, a constant � > 0 exists such that, for every i ∈ Ik, k ∈ K , it results

∥
∥
∥ui − li

∥
∥
∥ ≥ �.

Now the proof follows by analogous reasoning as in the proof of Corollary 1. ��
2.2 Choice of the set I ∗

k

Unlike from the case of partition techniques, the choices of sets I ∗
k can be dictated by com-

pletely different strategies. In this subsection we examine some of them. All the theoretical
properties can be derived by following the same reasonings as in [17]. Anyway, alternative
proofs are reported in [13].

The first choice requires the following notations.

dmax
k = max

i∈Ik

∥
∥
∥ui − li

∥
∥
∥ , I max

k =
{

i ∈ Ik :
∥
∥
∥ui − li

∥
∥
∥ = dmax

k

}
.

Then we can introduce the following choice of I ∗
k .

Choice 1 The set I ∗
k satisfies I max

k ∩ I ∗
k 	= ∅.

The next proposition describes the asymptotic properties of Algorithm PBA when the
partition technique satisfies Property 1 and, infinitely many times, set I ∗

k is chosen according
to Choice 1.

123



J Glob Optim (2010) 48:113–128 119

Proposition 2 If Property 1 holds and, for infinitely many iteration indices k, Choice 1 is
used, then

(i) all the sequences of sets
{Dik

}
produced by Algorithm PBA are strictly nested;

(ii) for every x̃ ∈ D, Algorithm PBA produces a strictly nested sequence of sets
{Dik

}
such

that
∞⋂

k=0

Dik = {x̃}.

In order to introduce a different choice of I ∗
k , we assume that for each hyperinterval of

the partition
{Di, i ∈ Ik

}
a scalar Ri

k is computed which gives an estimate of the minimum
value of the objective function on the hyperinterval.

Let

imin
k = arg min

i∈Ik
Ri

k, R
imin
k

k = min
i∈Ik

Ri
k . (17)

Then we state the following choice of I ∗
k .

Choice 2 Let I ∗
k = I S

k where

I S
k =

{
i ∈ Ik : Ri

k = R
imin
k

k

}
. (18)

The next propositions generalize the results described in [15] and characterize the asymp-
totic properties of Algorithm PBE where the set I ∗

k is chosen according to Choice 2.
In particular, the following proposition guarantees the existence of a strictly nested se-

quence of hyperintervals converging to a global minimum, provided that Choice 2 is used
for infinitely many iterations and the scalars Ri

k satisfy two reasonable assumptions.

Proposition 3 Let
{Dik

}
be the sequences of subsets produced by Algorithm PBA. Assume

that Property 1 holds, that infinitely many times Choice 2 is used, and that the scalars Ri
k

satisfy the following two assumptions

(i) for any strictly nested sequence of subsets
{Dik

}
, such that

⋂∞
k=0 Dik = {x̄}, it holds

lim
k→∞ Rik

k = f (x̄);

(ii) there exist a point x∗ ∈ X∗ and an index k̄ such that, for all k ≥ k̄, there exists a subset
D jk , where jk ∈ Ik , such that x∗ ∈ D jk and

R jk
k ≤ f (x∗).

Then, a strictly nested sequence of subsets
{Dik

}
exists such that

∞⋂

k=0

Dik ⊆ X∗.

In case Choice 2 is used at every iteration k, then the next proposition shows that any
strictly nested sequence of hyperintervals converges to a global minimum under the same
assumptions on the scalars Ri

k .
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Proposition 4 Let
{Dik

}
be the sequences of subsets produced by Algorithm PBA. Assume

that Property 1 holds, that, for every k, Choice 2 is used, and that the scalars Ri
k satisfy the

following two assumptions

(i) for any strictly nested sequence of subsets
{Dik

}
, such that

⋂∞
k=0 Dik = {x̄}, it holds

lim
k→∞ Rik

k = f (x̄);

(ii) there exist a point x∗ ∈ X∗ and an index k̄ such that, for all k ≥ k̄, there exists a subset
D jk , where jk ∈ Ik , such that x∗ ∈ D jk and

R jk
k ≤ f (x∗).

Then, for any strictly nested sequence of subsets
{Dik

}
, it holds

∞⋂

k=0

Dik ⊆ X∗. (19)

Finally, by requiring stronger assumptions on the scalars Ri
k , the following proposition

shows that for every global minimum point, the algorithm produces a strictly nested sequence
of hyperintervals converging to it.

Proposition 5 Let
{Dik

}
be the sequences of subsets produced by the algorithm. Assume that,

for every k, Choice 2 is used and that the scalars Ri
k satisfy the following two hypothesis

(i) for any strictly nested sequence of subsets
{Dik

}
, it holds that

lim
k→∞ Rik

k = f (x̄)

where
⋂∞

k=0 Dik = {x̄}.
(ii) there exists an index k̄ such that, for all k ≥ k̄ and for every x∗ ∈ X∗ there exists a

subset D jk , where jk ∈ Ik , such that x∗ ∈ D jk and

R jk
k < f (x∗).

Then, for every x∗ ∈ X∗ there exists a strictly nested sequence of subsets
{Dik

}
, such that

∞⋂

k=0

Dik = {
x∗} . (20)

3 An alternating selection strategy

3.1 A selection technique using the optimal function value

In this section we assume that the optimal function value f ∗ is known and that f (x) is con-
tinuously differentiable. The aim of the algorithm to be defined is therefore to determine a
point x̄ with f (x̄) as close as possible to f ∗.

Under this assumption we can consider the following new objective function

θ(x) = ( f (x) − f ∗)p, (21)

where p ≥ 1 and p > 1 if a point x∗ ∈ X∗ exists such that x∗ ∈ ∂D.
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Proposition 6 Let f be a continuously differentiable function. For every constant 0 < L̂ <

∞ and for all x∗ ∈ X∗ a positive ε exists such that the constant L̂ is a strictly overestimate
of the local Lipschitz constant of the function θ(x) over the neighborhood B(x∗; ε), namely
for all x ∈ B(x∗; ε)

|θ(x∗) − θ(x)| < L̂
∥
∥x∗ − x

∥
∥ .

Proof By the Mean Theorem we have

θ(x) = θ(x∗) + ∇θ(x̂)T (x − x∗) = θ(x∗) + p( f (x̂) − f ∗)p−1∇ f (x̂)T (x − x∗),

where x̂ = x∗ + η(x − x∗), with η ∈ [0, 1].
From the preceding equality we obtain

|θ(x) − θ(x∗)| ≤ p( f (x̂) − f ∗)p−1
∥
∥∇ f (x̂)

∥
∥

∥
∥x − x∗∥∥ .

Therefore, by the continuity of f and ∇ f and the compactness of the feasible set, for
every x∗ ∈ X∗ and for every L̂ > 0, there exists an ε(x∗) such that

max
x∈B(x∗;ε(x∗))

p( f (x) − f ∗)p−1 ‖∇ f (x)‖ < L̂.

Then we have that for all x ∈ B(x∗; ε(x∗)), |θ(x∗) − θ(x)| < L̂ ‖x∗ − x‖. ��
Under the assumption that the objective function value of the global minimum point is

known “a priori”, Proposition 6 states that every L̂ > 0 can be used as an estimate of the
Lipschitz constant of θ(x) within a neighborhood of a global minimum point.

For every L̃ > 0, and for every i ∈ Ik let

Ri
k = θ(xi

k) − L̃di .

Choice 3 If R
imin
k

k < 0 (where R
imin
k

k is defined in (17)), then

I ∗
k = I S

k ,

otherwise I ∗
k must be such that

I ∗
k ∩ I max

k 	= ∅.

The rationale behind Choice 3 is that of combining the selection Choices 1 and 2. Namely,

when the test on R
imin
k

k is satisfied we resort to Choice 2, otherwise we keep on partitioning
according to Choice 1.

The Proposition that follows proves convergence of Algorithm PBA towards global mini-
mum points under Choice 3 regardless of the value of L̃ . This implies that no rule to estimate
the Lipschitz constant of θ is needed.

Proposition 7 Let Property 1 hold and assume that Choice 3 is used. Then, all the strictly
nested sequences

{
Dik

}
generated by Algorithm PBA satisfy

∞⋂

k=1

{
Dik

}
= x∗,

where x∗ ∈ X∗.
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Proof First, we show that there exists k̄ such that, for all k ≥ k̄, R
imin
k

k < 0. By contradiction,

assume that there exists an infinite subset of indices K such that for all k ∈ K , R
imin
k

k > 0,
namely

θ

(
x

imin
k

k

)
≥ L̃dimin

k . (22)

Therefore, by Choice 3, we have that I ∗
k ∩ I max

k 	= ∅ infinitely many times. Hence, Prop-
osition 2 implies that limk∈K dmax

k = 0. Let x∗ ∈ X∗. By Proposition 6, there exists ε such
that for all x ∈ B(x∗, ε)|θ(x∗) − θ(x)| < L̃ ‖x∗ − x‖. By point (ii) of Proposition 2, an
index h ∈ Ik exists such that xh

k ∈ B(x∗, ε) and Dh ⊆ B(x∗, ε). Therefore, keeping into
account that θ(x∗) = 0, we get

θ
(

xh
k

)
< L̃dh .

By the definition of imin
k , we have

θ

(
x

imin
k

k

)
− L̃dimin

k ≤ θ(xh
k ) − L̃dh < 0,

that contradicts (22). Therefore, for k sufficiently large, we have R
imin
k

k < 0. Consider any
strictly nested subsequence

{
Dik

}
such that

⋂∞
k=0 Dik = {x̄}. Let K be the index set of

iterations such that Dik+1 ⊂ Dik . Then we have, since I ∗
k = I S

k

θ
(

xik
k

)
< L̃dik . (23)

Moreover, by Proposition 1, we know that limk→∞ dik = 0, and limk→∞ xik
k = x̄, which

combined with (23) imply limk→∞ f
(

xik
k

)
= f (x̄) = f ∗, that is, x̄ ∈ X∗. ��

3.2 A selection technique based on an adaptive estimate of the global minimum value

In this subsection we consider the case where the global minimum value is not known a
priori. The hyperintervals generated at every iteration of a partition-based algorithm have
associated one or more points which are its representatives.

Throughout this subsection we assume that every point x∗ ∈ X∗ is such that l < x∗ < u.
Futhermore, let f̃ be an estimate of the global minimum value, i.e. f̃ = f (x̃), for any x̃ ∈ D.
Given an ε > 0, we define

θε(x) = f (x) −
(

f̃ − ε
)

.

Partitioning-Based on Estimate Algorithm (PBE)

Data: L̃ > 0, τ ∈ (0, 1), ε0 > 0. Set D0=D, x0=P(D0), f̃0= f (x0), l0 = l, u0 = u,

I0 = {0} and k = 0.

Step 1: Given the partition
{Di : i ∈ Ik

}
of D with

Di = {
x ∈ Rn : li ≤ x ≤ ui

}
, for all i ∈ Ik,

compute Ri
k = θεk

(P (Di
)) − L̃di , for all i ∈ Ik ,
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if R
imin
k

k < 0, then choose I ∗
k s.t. I ∗

k ⊆ {
i ∈ Ik : Ri

k < 0
}

else choose I ∗
k s.t. I ∗

k ∩ I max
k 	= ∅.

Set Ī 0 = Ik , Î 0 = I ∗
k and � = 0.

Step 2: Choose an index h ∈ Î � and partition the set Dh into m ≥ 2 subintervals

Dh1 , Dh2 , . . . , Dhm .

Step 3: Set

Ī �+1 = Ī �
⋃

j=1,...,m

{
h j

} \ {h} , Î �+1 = Î � \ {h} ,

if Î �+1 	= ∅ set � = � + 1 and go to Step 2.
Step 4: Define the new partition

{Di : i ∈ Ik+1
}

with Ik+1 = Ī �+1.

Set f̃k+1 = mini∈Ik+1 f
(P(Di )

)

If τ
(
dmax

k+1

)2
< εk , then set εk+1 = τ

(
dmax

k+1

)2 else εk+1 = εk .
Set k = k + 1 and go to Step 1.

Algorithm PBE shifts the difficulty of the problem from the estimate of the Lipschitz con-
stant to the estimate of the objective function value of the global minimum. Indeed, the main
difference between Algorithm PBE and the methods proposed in references [3,6,10,11,19],
consists in PBE iteratively estimating the objective function global minimum value rather
than the Lipschitz constant.

We note that definition of Algorithm PBE should be completed by specifying the following
aspects.

– The operator P . Two examples of possible choices for P are those proposed in [10] and
[15]. The former reference associates to each hyperinterval its centroid. Whereas, the
latter reference associates to each hyperinterval the two extreme points on the diagonal.

– The choice of set I ∗
k of hyperintervals to be divided. In particular, when R

imin
k

k ≥ 0, I ∗
k

can be chosen as in [10] which guarantees that I ∗
k ∩ I max

k 	= ∅.
– The partitioning scheme that defines Step 2. This can be any scheme that is able to

guarantee Property 1.

The theoretical properties of Algorithm PBE can be derived without specifying the above
points. The exact definition of our implementation of Algorithm PBE is postponed to the
numerical results section.

The first result shows that the test at Step 1 of Algorithm PBE does not preclude the
everywhere dense convergence property.

Proposition 8 If Property 1 holds, then

(i) all the sequences of sets
{Dik

}
produced by Algorithm PBE are strictly nested;

(ii) for every x̃ ∈ D, Algorithm PBE produces a strictly nested sequence of sets
{Dik

}
such

that
∞⋂

k=0

Dik = {x̃} .

Proof In order to prove the result, we show that for infinitely many iteration indices k, Algo-
rithm PBE chooses I ∗

k such that I ∗
k ∩ I max

k 	= ∅. We proceed by contradiction. Assume that

an index k̄ exits such that for all k ≥ k̄, R
imin
k

k < 0 and I ∗
k ∩ I max

k = ∅. Namely,
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f
(
P

(
Dimin

k

))
− f̃k < −εk + L̃dimin

k . (24)

Since d
imin
k

k → 0, we have that for k ≥ k̄ sufficiently large, d
imin
k

k < dmax
k , so that εk =

ε̄ ≤ εk̄ ,

f
(
P

(
Dimin

k

))
− f̃k < −ε̄ + L̃dimin

k < − ε̄

2
.

This implies that f̃k+1 ≤ f̃k − ε̄
2 infinitely many times for k sufficiently large from

which we would obtain f̃k → −∞. Hence, Algorithm PBE chooses I ∗
k according to Choice

1 infinitely many times. Therefore, the assumptions of Proposition 2 are satisfied and this
concludes the proof. ��

The next proposition explains the role of Choice 3 in the algorithm. Namely, Choice 3
promotes selection and partitioning of those hyperintervals containing the global minima.

Proposition 9 Let Property 1 hold.

(i) For every x̄ ∈ D \ X∗, an iteration index k̄ exists such that, for every k ≥ k̄, if Dik

satisfies x̄ ∈ Dik , then Rik
k ≥ 0.

(ii) For every x∗ ∈ X∗, an iteration index k̄ exists such that, for every k ≥ k̄, if Dik satisfies

x∗ ∈ Dik and dik ≥ 2τ

L̃

(
dmax

k

)2
,

then Rik
k < 0.

Proof Point (i) By Proposition 8 it follows that for any x ∈ D Algorithm PBE produces a
strictly nested sequence such that

⋂∞
k=0 Dik = {x} . Therefore the statement is well posed.

By point (i) of Proposition 1 and by Proposition 8 it follows that limk→∞ dik = 0. There-
fore by Step 4 of Algorithm PBE

lim
k→∞ εk = 0. (25)

By the updating rule defining f̃k and by (25), it follows that

lim
k→∞ f̃k = f (x∗), x ∈ X∗. (26)

For every x̄ ∈ D \ X∗, let
{Dik

}
be the strictly nested sequence produced by Algorithm PBE

such that
∞⋂

k=0

Dik = {x̄} .

By the definition of Rik
k , it follows that

Rik
k = f

(
xik

k

)
− f̃k − L̃dik + εk = f

(
xik

k

)
− f ∗ + f ∗ − f̃k − L̃dik + εk,

Since limk→∞ f
(

xik
k

)
= f (x̄) > f ∗, taking the limit we get by (25) and (26)

lim
k→∞ Rik

k > 0,

and hence the thesis follows.
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Point (ii) Let us consider the hyperinterval Dik such that x∗ ∈ Dik . Since x∗ ∈ X∗, it
results

f
(

xik
k

)
− f̃k − L̃dik + εk ≤ f

(
xik

k

)
− f

(
x∗) − L̃dik + εk .

By the updating rule of εk , we have that

f
(

xik
k

)
− f

(
x∗) − L̃dik + εk ≤ f

(
xik

k

)
− f

(
x∗) − L̃dik + τ

(
dmax

k

)2

= f
(

xik
k

)
− f

(
x∗) − L̃

2
dik +

(

τ
(
dmax

k

)2 − L̃

2
dik

)

.

Recalling Proposition 6, we have that, for k sufficiently large, L̃/2 is an overestimate of
the Lipschitz constant of θ(x) = f (x)− f ∗. Hence, for k sufficiently large, and by the stated
assumptions, we get

f
(

xik
k

)
− f (x∗) − L̃

2
dik +

(

τ
(
dmax

k

)2 − L̃

2
dik

)

< 0,

and the result follows. ��

The above proposition stress the role played by the scalars Ri
k in the selection strategy.

Roughly speaking, they can help to produce sequences of hyperintervals which more rapidly
concentrate around the global minima. Indeed, for k sufficiently large, the value of Ri

k for
hyperintervals not containing a global minimum is positive or equal to zero, whereas, those
hyperintervals containing a global minimum and having a diagonal “sufficiently” large, have
Ri

k < 0.

4 Preliminary numerical results and conclusions

In this section we preliminarily describe an implementation of Algorithm PBE and then we
report and comment some numerical results on a class of well-known global optimization
problems.

The algorithm that we propose is a modification of the DIRECT Algorithm [10] for global
optimization. The main characteristics of DIRECT are: (a) set I ∗

k is the set of potentially
optimal (see [10]) hyperintervals which is in agreement with Choice 1; (b) the adopted par-
titioning procedure satisfies Property 1.

If Rimin
k ≥ 0, then the algorithm exactly follows DIRECT. Otherwise, I ∗

k is chosen to be the
set of potentially optimal hyperintervals among those with Ri

k < 0. Moreover, according to
Proposition 9, we know that the role of scalars Ri

k is significant for k sufficiently large. Hence,
in the implementation of Algorithm PBE we select I ∗

k using scalars Ri
k only when the current

number of hyperintervals is greater than (10n)2. As concerns the values of the constants

defining Algorithm PBE, we chose L̃ = 0.5, τ = 0.9 and ε0 = 10−3 max
{

1,

∣
∣
∣ f̃0

∣
∣
∣
}

.

In Table 1, we report a comparison between the original DIRECT algorithm and the pro-
posed algorithm PBE on a set of well-known global optimization problems. Both the algo-
rithms were stopped either when a point x̄ is generated such that

f (x̄) − f ∗

max {1, | f ∗|} ≤ 10−4 (27)
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Table 1 Comparison between DIRECT and PBE

Problem n DIRECT PBE

f (x̄) n.int. f (x̄) n.int.

Schubert [7] 2 −186.7215373 2967 −186.7215373 3181

Schub. pen. 1 [14] 2 −186.7215352 2379 −186.7215352 2353

Shub. pen. 2 [14] 2 −186.7215331 1595 −186.7215331 1569

S-H. Camel B. [4] 2 −1.031529633 119 −1.031529633 119

Goldstein-Price [2] 2 3.000090378 191 3.000090378 191

Treccani mod. [22] 2 7.67E-05 111 7.67E-05 111

Quartic [14] 2 −0.352366398 133 −0.352366398 133

Shekel m = 5 [4] 4 −10.15234984 153 −10.15234984 153

Shekel m = 7 [4] 4 −10.40196762 145 −10.40196762 145

Shekel m = 10 [4] 4 −10.53539008 145 −10.53539008 145

Espon. mod. [1] 2 −0.999920033 89 −0.999920033 89

Espon. mod. [1] 4 −0.999919526 567 −0.999919526 567

Cos-mix mod. [1] 2 −0.199986472 111 −0.199986472 111

Cos-mix mod. [1] 4 −0.399972944 417 −0.399972944 417

Hartman [7] 3 −3.862452145 199 −3.862452145 199

Hartman [7] 6 −3.3220738 571 −3.3220738 571

Griewank mod. [7] 2 7.88E-07 41005 7.88E-07 41151

Rotated Griewank [21] 2 −179.9856895 129 −179.9856895 129

Ackley [7] 2 5.65E-05 561 5.65E-05 561

Ackley [7] 10 9.4929E-02 800000 1.95E-02 800000

Dixon Price [7] 2 6.26E-05 443 6.26E-05 423

Easom [7] 2 −0.999989985 7019 −0.999989985 6673

Michalewics [7] 2 −1.801272488 67 −1.801272488 67

5n loc- min [14] 2 1.23E-06 129 1.23E-06 129

5n loc- min [14] 5 6.41E-05 361 6.41E-05 361

5n loc- min [14] 10 4.70E-05 1773 4.70E-05 1773

10n loc- min [14] 2 1.97E-05 265 1.97E-05 265

10n loc- min [14] 5 2.72E-05 2765 2.72E-05 2765

10n loc- min [14] 10 2.97E-05 21601 2.97E-05 11203

15n loc- min [14] 2 9.30E-05 137 9.30E-05 137

15n loc- min [14] 5 9.61E-05 903 9.61E-05 903

15n loc- min [14] 10 9.44E-06 16959 9.44E-06 11579

Pinter [16] 2 1.66E-05 105 1.66E-05 105

Pinter [16] 5 3.16E-05 1613 3.16E-05 1613

Pinter [16] 10 7.48E-05 8265 7.48E-05 8265

Rastrigin [7] 2 5.46E-05 893 5.46E-05 831

Rastrigin [7] 10 9.9497110 800000 2.64E-08 22201

or when the number of generated hyperintervals exceeds the prescribed limit of 800000, in
which case the best funtion value obtained by the algorithm is reported in boldface.

We point out that for those functions (Griewank, Cos-Mix) having the global min-
imum point in the centroid of the feasible set (so that DIRECT would find them with one

123



J Glob Optim (2010) 48:113–128 127

objective function evaluation), we made the change of variables yi = xi + 0.5
√

2. For the
same reason, for the Treccani and Esponential test functions, we applied a slightly
different change of variables, that is yi = xi + 0.25

√
2, since the previous one would have

moved the global minimum point out of the suggested bounds.
The table shows that the test introduced in Algorithm PBE on the selection strategy can

help improving convergence of the algorithm. More in particular, PBE is more efficient on 9
problems out of 37 (meaning that either the number of function evaluations or the estimate
of the global minimum value has been improved). The original DIRECT is better only on
two problems. Furthermore, we stress that, for the Rastrigin test function with n = 10,
PBE is able to find the global minimum point while DIRECT fails. All this considered, these
results encourage to further investigate hyperintervals selection strategies based on scalars
Ri

k . Reasonably, the numerical behavior of the method could benefit from an accurate choice
and update of the estimate of the Lipschitz constant L̃ . In particular, this could be achieved by
associating to every hyperinterval a scalar Li

k that can be evaluated according to the approach
proposed in [19].
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helpful comments and suggestions which greatly improved the manuscript.
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